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Abstract. In this paper we study a quadratic Poisson algebra structure on 
the space of bilinear forms on C'^ with the property that for any n,m £ N 
such that nm = N, the restriction of the Poisson algebra to the space of 
bilinear forms with block-upper-triangular matrix composed from blocks of 
size m X m is Poisson. We classify all central elements and characterise the 
Lie algebroid structure compatible with the Poisson algebra. We integrate this 
algebroid obtaining the corresponding groupoid of morphisms of block-upper- 
triangular bilinear forms. The groupoid elements automatically preserve the 
Poisson algebra. We then obtain the braid group action on the Poisson algebra 
as elementary generators within the groupoid. We discuss the afBnisation and 
quantisation of this Poisson algebra, showing that in the case m = 1 the 
quantum affine algebra is the twisted q-Yangian for On and for m = 2 is the 
twisted g-Yangian for sp2„- We describe the quantum braid group action in 
these two examples and conjecture the form of this action for any m > 2. 

1. Introduction 

In this paper wc consider bilinear forms on defined by 

{x,y) ■.= x'^Ay, V.t, j/ e C^, A G GLAr(C). 

By block-upper-triangular bilinear form we mean a bilinear form sueli that the 
defining matrix A is block-upper-triangular. In particular we use the following: 

Notation 1.1. We let a block-upper-triangular (b.u.t.) matrix A to be an (nm) x 
(nTO)-matrix composed from blocks A/^j, I,J~ 1, . . . ,ri, of size m x m with the 
block- upper-triangular structure: we impose the restrictions that A/.j = for I > J 
and det A/j = 1 for all / = 1, . . . ,n. We denote by An.m C GL„„i the set of all 
such block-upper-triangular matrices. 

In [4] it was proved that for any number of blocks n and for any size of blocks 
m the following brackets on the matrix elements Oij of A: 

(1.1) {aij,ak,i} = (sign(j - /) + sign(t - k))ai,iak,j + 

-|-(sign(j - k) + l)aj,iai,k + (sign(i - I) - l)aijak.i 

define a Poisson bracket on An.m- 

Note that the brackets (jl.ip depend neither on the size of the mxm blocks nor 
on the number v? of blocks, so that the full space GLn{C) of non-singular N x N 
matrices, N — nm, admits this Poisson algebra In Theorem 12.11 we show 
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that the block-upper-triangular case is a Poisson reduction of the full algebra in 
(GLw(C), {■,■}). 

In the case of one-dimensional blocks (i.e. upper triangular matrices with 1 on the 
diagonal) this algebra reduces to the Dubrovin-Ugaglia [6l [17] bracket appearing in 
Frobenius manifold theory and extensively studied by Bondal [UIl]- Its quantisation 
is also known as Nelson-Regge algebra in 2-|-l-dimensional quantum gravity [T4 l ll5 j . 
and as Fock-Rosly bracket [8] in Chern-Simons theory. We expect that for generic 
m this algebra may have some interesting meaning in these fields. 

The afFine version of the algebra (jl.ip is defined in terms of the generating 
function: 

oo 

(1.2) e.,(A):=Gg+^GgA-^ 

where g[^^ denotes the entry i,j of the matrix G'-^-' and we impose that G(°) := A, 
our block-upper-triangular matrix, allowing the matrices G'^' to be arbitrary full- 
size matrices for p > Q. The Poisson brackets are postulated to be [1] 

{GijW,Gk,iifJ')} = (sign{i - k) - ^^■^-^] Gk.jWGiuifJ-) + 



A — /i 

sign(j - /) + GkA^^)G^,lW + 



+ [signU - fc) - YTT^ j Gz,kWGj,i{tJ') 
(1-3) + (sign{z -l) + GuWGkA^^)■ 



X- 
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We call the index p the level of the corresponding element; elements of A are then 
called zero-level elements. Analogously to the case of (|1.1|) . the algebra (|1.3p is 
Poisson for any choice of the zero level A £ An,m, for any n, m such that nm = N. 

In our paper [4] we related this affine extension ()1.3p in the case m = 1 to the 
algebra S)„ of geodesic functions on an annulus with n li orbifold points and, si- 
multaneously, to the algebra of monodromy data of a n -I- 1-dimensional Frobenius 
manifold with one non-semi-simplc point. Still in the case m = 1 this affine exten- 
sion ()1.3|) turns out to be the semi-classical limit of the twisted g-Yangian for the 
On algebra introduced by Molev, Ragoucy, and Sorba [13]. A first generalisation of 
the above algebras to block-upper-triangular matrix case was constructed by Molev 
and Ragoucy in [12], where they developed the twisted Yangian i^g(sp2,i) for the 
sp2Ti algebra. In this construction, the zero-level algebra was block-lower-triangular 
(equivalent to block-uppcr-triangular by simple transposition) with 2x2 blocks 
and with the restriction that each diagonal 2 x 2-block have the unit determinant. 
In the work by Molev and Ragoucy a full description of the braid group action on 
yg'(sp2n) was still missing and this was in part the trigger to the present workQ 

Before explaining our results on the braid group action we need to illustrate the 
ones on the central elements. We characterise all central elements of the Poisson 
algebra (|1.1|) and of its affine extension (|1.3|) . They are of two types: polynomial 
central elements and rational central elements; together they form a set of n [^^^^] -I- 
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[^] algebraically independent central elements (here we let [•] denote the integer 
part of a number). 

In Theorem 13.21 we prove that the polynomial central elements for the Pois- 
son algebra (jl.ip are given by the coefficients of A"''', k = 0, 1, ... , [-^^y^] , of the 
polynomial 

det(A + A^^A^), 

while for the affine Poisson algebra p. 31) they are generated by the formal series 

det(a(A)). 

The rational central elements are the same for both Poisson algebras and (jl.3p . 
They are defined by the bottom-left minors of the diagonal blocks of the zero level 
matrix A. i.e. let A G An.m, for each diagonal block A'^^ A/./, / = 1, . . . , n take 



M^^ det 



"m.l ■ • ■ "m,, 



where a|^' denotes the i, j-th entry of A^^^ := Ajj, then in Theorem 13. 101 we prove 



that for every d = 0, . . . , [^] and / = 1, . . . , n the quantities 



1,(1) 



(I) 



are central elements for both Poisson algebras (|l.ip and (|1.3p . 

Having characterised all central elements, we are ready to produce the braid 
group action on An,m- For this, we follow Bondal's approach [2 [5] which consists 
in introducing a suitable notion of groupoid of block-upper-triangular quadratic 
bilinear forms in such a way that the Poisson bracket on the base space An.i is 
given in terms of the anchor map associated to the corresponding Lie algebroid. 
In Bondal's case, namely when m = 1, the Lie algebroid is isomorphic to the Lie 
algebroid on the cotangent bundle T*An,i- As soon as m > 2 this ceases to be true, 
making the integration of the Lie algebroid rather tricky. We solve this problem in 
Section |4] where we characterise this groupoid0 

The braid group generators are obtained as those elements in the groupoid which 
swap the blocks and satisfy the braid group relations. To be more precise, the braid 
group acting on An,m is B„ in which each braid /3/j+i, / = 1, . . . ,n — 1 acts by 
changes of coordinates on C^. This action can be presented in the adjoint matrix 
form (see formula (j5.35p below) f3jj-^i[A] = Bjj^iABj with the matrix -B/.j+i 
having the block form (|5.36p . 

The extended braid group transformations for the affine algebra (jl.3p in the case 
where the zero-level matrix A has the block-upper-triangular form is given by the 
same /3/j_|_i[C/(A)] = Bjj+iQ{X)Bj and we have one extra generator /3„^i given 
by the formulas and ((5T?T|) . 

Since the braid group elements belong to the groupoid, they preserve our algebras 
(irri) and (fOl) . 

Finally we provide a quantisation of the affine algebra (jl.3p in terms of quantum 
reflection equation for any m and give formulae for the quantum braid group action 
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in the case m = 1 and m = 2. This leads to an interesting explicit relation between 
the Lie algebroid of infinitesimal morphism of the b.u.t. algebra (jl.ip and its R- 
matrix structure. 
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2. POISSON REDUCTIONS OF THE ALGEBRAS (|l.ip AND (|1.3p 

Theorem 2.1. The affine algebra il.3\) is an abstract infinite-dimensional Poisson 
algebra for any choice of the block-upper-triangular form of the zero level matrix 
A G An,m- Analogously, the restriction of the brackets lll.l]) on GLm{C) to the 
block-upper-triangular matrices A„^„i for any n,m G N such that nm = N , is 
Poisson. 

Proof. The proof of the Jacobi relations in Appendix A of [4] used only combinato- 
rial properties and was independent on possible reductions. So, it remains only to 
prove the consistency of the reductions with the affine algebra (the consistency of 
the reductions of (|l.ip is a trivial corollary). For this, let us calculate the bracket 
between elements of the zeroth and A: > levels. From (|1.3p . we have (one can 
obtain the formula below by taking a formal limit A — > oo) 

{a^j: Gg} - (sign(z - k) - l)afe,,GiJ + (sign(j - I) + l)Gga.,z 

(2.4) +(sign(j -k) + l)a,,kG^[} + (sign(i -I)- l)azjGg. 

The right-hand side is nonzero (due to combinations of sign-factors) only for i < k 
and/or I < j and/or k < j and/or i < i. We now use the specific form of the 
reduction, namely the fact that if we impose a,;.j = 0, then a^.j = for all s > i 
and Oi^t ~ for all t < j. Therefore if i < fc then ak,j is zero and the term 
(sign(i — k) — VjOk^jG'f'i does not contribute. Analogously, for k < j we have that 

ai,k = and the term (sign(j — k) -\- l)ai^kG'^^^ does not contribute. The same 
happens if Z < j and/or i < i. This proves the consistency between our reduction 
and the algebra (|1.3p . □ 

Remark 2.2. A more general statement is true: let us consider block-upper- 
triangular matrices with blocks of different sizes, or in other words let us con- 
sider an arbitrary partition of N (previously equal to mn) into n positive integers, 
N = mi + ■ ■ ■ + mn, and let A/^j be a matrix of size mj x mj. All the constructions 
of this paper, including the Poisson restriction fTheorem l2.ip . central elements, and 
the action of the groupoid of b.u.t. matrices can be straightforwardly generalised 
to this case as well except the (classical and quantum) braid-group action, which 
is apparently lost in the case of different block sizes. 

If we consider even more general case in which we loose the block upper triangular 
form, and take the Poisson reduction depicted in Fig. [T] where all elements below 
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Figure 1. A general Poisson reduction of the algebra All 
the items below the dashed broken line are zeros. The pivotal 
elements at the corners are marked by dark squares. 



a broken line that goes as in the figure are set to be zeros, then Theorem 12.11 still 
remains valid, but we no longer have an algebra structure as the product of two 
matrices of this form docs not have the same form. 



2.1. Reduction to the symmetric matrices. The Poisson structure (|l.ip re- 
stricts also to the space SyrriN of symmetric N x N matrices. 

Proposition 2.3. The restriction of the Poisson structure il.l]) to the space SyrriN 
of symmetric matrices is Poissonian. 

Proof. Let us consider the Poisson bracket of the combination — Oj^i with any 
element a^^r, 

{a^j - aj.i,ak,i} = sign(j - l)ak,j{ai^i - ai^i) + sign(z - k)ai^i{akj - a^^k) + 
+sign(j - k)a,j^i{ai,k - ak,i) + sign(z - l)ak,i{ai.j - a^^i) + 

By imposing the condition for all r, s, the above expression is always 

0. ' □ 

The reduced bracket on SyruN reads: 
(2.5) 

{ftjj, Ofc,/} = (sign(j - + sign(z - fc)) Oi^iOkj + (sign(j - k) + sign(i - I)) ttjjOk^i 
This Poisson structure on SyrriN was already studied by Bondal 



Remark 2.4. Observe that on the contrary the affine algebra (|1.3|) is not com- 
patible with the restriction A e SyrriN- This can be easily seen by observing that 
{oi^j — Oj^i, G^^j} 7^ for A G SyruM- We do not know whether an affine extension 
of (|2?5]) exists.' 



2.2. /c-level reductions of the twisted Yangian extension. 

Notation 2.5. We call the /c-lcvel reduction of the algebra (|1.3p the mapping 

(2.6) ^;(A) A + A-iG(i) + • • • + A-'^+igC^-i) + A-'^A^, 

where 



(2.7) 
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and G(*) G^*' for i = 1, . . . , (fc - l)/2 for odd k and for i = 1, . . . , k/2 - 1 for 
even k and G\'^/^^ = gI'^/^^ for i > j for even k, whereas the other entries of G^'' 
for i > k/2 are defined by tlie symmetry condition p.7p . 

Theorem 2.6. T/ie mapping h2. 6\) defines a surjective homomorphism of the alge- 
bra i ti.gp to t/ie corresponding algebra of the elements Ai j and G,-'j, I = 1, . . . , fc — 1, 
for any k € Z+. 

3. Central elements 

In this section, we construct all the central elements of the algebra of block- 
upper-triangular matrices p.ip and of its twisted Yangian extension p.3p . In order 
to find them we first need to characterise a simple automorphism and a simple 
anti-automorphism of the Poisson algebra 

3.1. (Anti)automorphisms of the Poisson algebra. Let N = nm denote the 
total size of the matrix A. Then the transformation 

(3.8) P[A] = A, fljj = ajv+i-j,Ar+i_i 

is an antiautomorphism of the Poisson algebra that is, 

(3.9) {aij,afcj} = -{fljj, flfc,;} 

at— >a 

Besides it we have the scaling transformation, which obviously leaves invariant 
the algebra 

(3.10) e'^'+'^^a.j, 4 = (t>N+i-i, 

where we impose the restriction on in order to ensure the transformation (j3.10p to 
be consistent with the antiautomorphism p.8p . We also impose that X]£^,/m+i ~ 
0, J = 1, . . . , ri, to ensure the preservation of the determinant condition dct Aj^j = 1 
for any J. 

Remark 3.1. Note that the fact that the scaling transformation (|3.10p is an au- 
tomorphism of the algebra ()1.1|) allows to restrict this algebra on the projective 
space This fact is relevant due to the recent interest in the vanishing locus 

of quadratic Poisson algebras on projective spaces in algebraic geometry [9] . 

3.2. Polynomial central elements. In this subsection, we construct a part of 
central elements that can be obtained by standard methods based on algebra sym- 
metries as, say, in [1] or [11]. 

Theorem 3.2. The polynomial functions of the elements of the algebra lil.S]) in 
the infinite-series expansion of detQ{^) in powers of fi^^ are central elements of 
the affine algebra lll.3\) . 

Proof. Although it follows from the more general statement by Molev and Ragoucy [12] 
on the central elements of the (quantum) Yangian algebra, we can easily verify it 
directly using that 

nm 

{a,,,(A),detg(M)} - {G^■JW:GkA^^)}GLki^^) 

k,l=l 

(the invertibility of A ensures the existence of the inverse matrix t/~^(^) at least 
as a formal series). We now substitute the bracket (|1.3p . and using the obvious 
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identities I]™ ^a:>'(M)^;7fe (m) = Sx,k and 1]*?™! 0A;,x(/i)^/;7fe (m) = for x = 
we obtain zero. □ 

Corollary 3.3. The coefficients in the A~^-expansion of dct(A + A^^A-^) are cen- 
tral elements of the Poisson algebra (|l.ip restricted to the block-upper-triangular 
matrices A G An,m for any choice of n, to e N such that nm = N. They form a 
family of [^j algebraically independent central elements. 



Proof. We need the statement of Theorem [221 for k — 1: 
Lemma 3.4. The mapping 

(3.11) g{X)^A + X-^A^ 

defines a surjective homomorphism of the algebra \1.S^) to the algebra il.l\) . 

Proof. The proof of this Lemma is obtained by a direct substitution of expression 
(pHI) into dO]) using the algebra ([TT]). □ 

Proof of Corollary \3.S\ The proof that the coefficients in the A^^-expansion of 
det(A -I- A~^A-^) are central elements of the Poisson algebra (jl.ip follows directly 
from Theorem 13.21 The fact that no more than [^] of them are algebraically 
independent follows from the simple observation that 

det(A-hA ^A^ ) -j^ , 

A 

where Cn-u = Ck for all k = 0,1,..., [^j and cq = det(Aii) det(A22) 

det(A„„) = 1. 

The fact that generically the coefficients ci, . . . , Cj-wj form a family of [-j] alge- 
braically independent central elements was proved in [S| for the most reduced case 

TO = 1. □ 



3.3. Rational central elements. The central elements in Corollarv 13.31 do not 
exhaust all the central elements of the algebra of entries of A. We also have ra- 
tional central elements. To describe them we begin by considering the case of the 
nonrestricted Poisson algebra (GLn, {•, •}) where {•, •} is given by (|l.ip . and make 
the following 

Generality assumption: All the minors Md of size dx d located at the lower-left 
corner are non-zero. 

Theorem 3.5. Under the above generality assumption, the elements 

'N - I 



dct Mm -dl Ad Md, for d=0,.. 

are central for the affine algebra and are algebraically independent in the 

nonrestricted case. 

Proof. The proof is based on the following: 

Lemma 3.6. For the nonrestricted N x N matrix A in our genericity assumption, 
denoting Okj = G^j^j , we have the following commutation relations: 

(3.12) {det Md, 41 } = 4 iGi"] det Md for p = 0,1, ... , 
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where 
(3.13) 

where 6. 



Sk+d>N + Sd+l>l + Sd+l>k — Si+d>N 

iyj ~ 1 for i > j and otherwise. 

Proof. Let us deal with the minor A/2 first. By the Leibnitz rule, we obtain four 
brackets, and using relation p.4p we obtain four terms for each bracket. Grouping 
together terms with the same Gr^i entry we obtain 



{Mrf,Gg} = (sign(iV - fc) - 1)G 



(p) 

N.l 



(P) 



(sign(2 + l)Gl^ 



ak,i 

o.N-1,1 



(p) 



(3.14) 



(sign(2 - k) - 
(sign(iV - 
(sign(iV - 1 - fc) - 1)G; 
(sign(l - 
(sign(l - k) 



a.N-1,1 

O.N,l 

ail 



a.N-1,2 
ak,2 

a.N-1,1 
a.N,i 

O.N-l,k 
O.N,k 

aN-1,2 
0-12 



N-IU 



ak,2 



aN-i,i aAf-1,2 



aN-l,k 

aN,k 



aN-1,2 
aN,2 



(sign(iV -I -I)- 1)G; 



(p) 

k,N-l 



ai,i 



0-1,2 
0n,2 



becomes zero, so we may only choose / = — 1. It easily follows 



and each term in this sum is nonzero only for one choice of either fc or Z. For 
example consider the last term on the r.h.s.: the coefficient (sign(A^ — 1 — ?) — 1) is 
nonzero only for l = N— 1 or l = N. However in the latter case the determinant 

a;,i 01^2 

oni ONa 
that (|3.12p and (|3.13p are satisfied. 

In the case of > 2 the computation is very similar: the first and fifth term 
above are replaced by the sum of d determinants enumerated by the index i = 
N ~ d + 1, . . . , N and such that in each of the corresponding matrices the zth row 
vector is replaced by the fc'th row vector multiplied by (sign(z — fc) — 1)^^-^' . If i < fc, 
the corresponding determinant is zero (the matrix then contains two proportional 
row vectors), so the only nonzero contribution occurs when i = k, which is possible 
only if fc > n — d, and this contribution is —G^^\ det M^, which gives the first term 
in the r.h.s. of (j3.13p . Using the same reasonings we can deal with three other 

n — d 



terms. Because Si^q = 1 — (5i+i>o we easily obtain from (|3.13p that 
which completes the proof of the Lemma. 



kd 



^k,l 



□ 



The proof of the fact that the elements det M^q-dl det Md for d = 0, . . . , ["^^2"^"] 
are central then follows by the Leibnitz rule for the Poisson bracket and by observing 
that I = c^f'^ for all fc, I, d, so that det Md and det M^-d have exactly the same 

(p) 

commutation relations with all of ak,i and with all of gj. / for p > 1 in the twisted 
Yangian case. 
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That these central elements are algebraically independent was proved by Bondal 
[2] already for the restriction of the algebra (jl.ip to SyniN- □ 

We now formulate the general algebraic independence lemma valid in the non- 
restricted case. 

Lemma 3.7. The set of algebraically independent central elements of the nonre- 
stricted Poisson algebra (GLat, {•, •}) where {■,■} is given by comprises the 

coefficients c^ of , fc = 0, 1, . . . , [N /2], of the expansion o/det(A + A^^A"^) and 
the rational central elements bi = det M^^i/ det Mi, I — I, ... , [{N — l)/2] provided 
all det Ml, 1 = 1,..., [(N — l)/2] are nonzero. 

Proof. Wc have already proved that these elements are central and that each set 
{cfc} and {bi} is algebraically independent. Suppose we have a function 

F({cfc}, {&/}) = for all values of a.ij. 
Because any transformation p.lOp is an automorphism of the algebra (|l.ip , choosing 
(j>i^^ = Si{5i^i+i — Si^i) for z = 1, . . . , [{N — l)/2] we obtain that all Ck and all 5/ with 
I 7^ i remain invariant whereas bi — > fo^e^^'. This means that if F({cfc}, {fo/}) = 
for some nonzero {bi}, then F({cfe}, {bie'^'^'}) = for any choice of 0/ e M. Hence, 
the function F is actually independent of all of bi and we have that F({cfc})=0. 
Because the set of {ck} is algebraically independent, we have that F = 0, which 
completes the proof. □ 

Adding det A, which corresponds both to the rational central element with d ~ 
and to the polynomial central element given by the coefficient of power 0, to the set 
wc have [-^^y^] central elements described bv Theorcm l3.5l and [^j central elements 
from CoroUarv 13. 3[ so, in the general case of a nonrestricted algebra {GLpf, {•, •}) 
where {•, ■} is given by we have exactly N algebraically independent central 

elements. 

Remark 3.8. Elementary, but lengthy calculations demonstrate that the highest 
Poisson leaf dimension is not less than N'^ — N. Here we only briefly outline the 
way of proving it. For this it suffices to consider the case where all Qij with i j 
are e-small as compared to all a^^i and to retain only terms of order 0(e) in the 
Poisson relations (|l.ip neglecting all the terms of order e^. Introducing then the 
combination bi_j — Oij — aj^i and retaining the elements ai>j with i > j we observe 
that in the limit of small e, all the bij commute with all the ai>j, so that the 
Poisson algebra splits in two sub-algebras, the ai>j-algebra and the 6ij-algebra. 

The 5ij-algebra becomes the small-e limit of the Dubrovin-Ugaglia or Nelson- 
Regge algebra (|4.25p and therefore its highest Poisson leaf dimension is — 
[^] . The ai>j-algebra becomes the Dubrovin-Ugaglia or Nelson-Regge algebra to 
which we add the diagonal elements, and therefore its highest Poisson leaf dimension 
is ^^'^^'^^^ — [-^^^j , so the highest rank of the Poisson relations (jl.ip will be not 
less than N'^ — N, as expected. 

We are now going to formulate the theorem describing the rational central ele- 
ments in the general case of the block-upper-triangular matrix A and its possible 
Yangian extensions. We begin by fixing our notation. 

Notation 3.9. For a block-uppcr-triangular matrix A with n blocks of sizes nii x 

(i) 

rui, i — 1, . . . ,n on the diagonal, let , d — 0, ... ,mi, i — I, ... ,n, he minors of 
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size d X d located at lower-left corners of the corresponding diagonal blocks of the 
matrix A. 

Theorem 3.10. Provided det M^/'' are nonzero, all the quotients 



are central elements of both the algebra il.l]) and its Yangian extension / [_/.^|) -/ f77]?)) . 
for any choice of the zero level A € A^i^m - 

The central elements blj^\ d ~ 0, . . . , [(m^ — l)/2], i ~ 1, . . . , n, and the coef- 
ficients Cr of terms (r — l,2,...j of the expansion of Act QiX) constitute an 
algebraically independent complete set of central elements of the affine algebra il.3\) 
whose zero level A is restricted to the block-upper-triangular form A € An,m for any 
choice of n,m. 

These central elements remain central for all the k-level reductions \2.6\) . In this 
case, the complete set of algebraically independent central elements comprises the 
same elements b'"^^ as above and the elements Cr with r = 1, . . . , [{Nk)/2]. 

In particular, the maximal dimension of the Poisson leaves for the algebra lil.l]) 

on j\yi.m 



which is always even. 

Proof. The proof of the fact that the quotients b^^^ for d = 0, . . . , [{mi — l)/2], and 
i = I, . . . ,n are central elements is analogous to the proof of Theorem 13.51 with the 
only distinction that now some of the row or column vectors will be zero because of 
the Poissonian restrictions. The proof of algebraic independence is analogous to the 
proof of Lemma 13.71 in which we must generalise the automorphism (j3.10p to the 
affine case by setting c'fj i— > c'fjG'^^^'^^ for all p = 0, 1, ... . The computation of the 
maximal dimension of the Poisson leaves for the algebra (jl.ip on An.m follows from 
the fact that the affine space An.m has dimension m? — n because wc have 

"^"^"^^ off diagonal blocks with elements each, and n diagonal blocks with — 1 
elements each. Wc then need to subtract from this the number of algebraically 
central elements. These arc b^j^^ for d — 1, . . . , [{m — l)/2], and i ~ 1, . . . ,n, giving 
[^^i^j n algebraically independent central elements, and Cfc, fc = 1, . . . , [^] , giving 
another [^] algebraically independent central elements. □ 

Remark 3.11. Note that the constructed central elements are of two, very differ- 
ent, sorts. Those generated by det(A-|- A~"'^A^) are invariant under the transforma- 
tion p.lOp whereas, providing all det M^*^ are nonzero, we can use transformations 
(|3.10p to set all the central elements det M^,_^/ det M^^ equal to ±1 (in the case of 
real parameters (pg). Then, the group of (anti)automorphisms of the Poisson algebra 
(|l.ip in the case of the block- upper-triangular matrices from Definition 11.11 is pre- 
sumably generated by the braid group transformations (|5.35p with / = l,...,n — 1, 
by the anti-automorphism P from (j3.8p . and, possibly, by "inner" automorphisms 
Pi (in terminology of Molev and Ragoucy paper [12] , where these automorphisms 
were constructed for the case m = 2), i = 1, . . . , n, that act nontivially only inside 
the blocks A^^i, A^^fc {n > k > i), and Ai^i {i > I > 1) and mutually commute. In the 
case of general m, these automorphisms, if exist, must also commute mutually, and 




detAC;_,/detM; 



d ' 



d = 0,...,[(m,;-l)/2], i = l,...,n 




for m odd, 
for m even 
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to preserve the rational central elements, we expect they to preserve the structure 
of minors m'^\ that is, they must correspond to a sort of transposition w.r.t. the 
antidiagonal of the matrix A^^^. The problem of existence of these automorphisms 
is under investigation. 

4. GrOUPOID of BLOCK UPPER TRIANGULAR BILINEAR FORMS 

In this section, we follow Bondal's approach [1] [2] which consists in introducing 
a suitable notion of groupoid of block-upper-triangular quadratic bilinear forms in 
such a way that the Poisson bracket on the base space An_i is given in terms of the 
anchor map associated to the corresponding Lie algebroid. In this approach the 
braid group elements are then obtained as elementary generators of this groupoid 
and automatically preserve the Poisson structure. 

In Bondal's case, namely when m = 1, the Lie algebroid is isomorphic to the Lie 
algebroid on the cotangent bundle T*An,i- As soon as m > 2 this ceases to be true, 
making the integration of the Lie algebroid rather tricky. We solve this problem in 
this Section. Let us first recall Bondal's construction. 

4.1. The case of upper-triangular matrices with one on the diagonaL In 

this section we recall some key results from Bondal's work [HE], or at least our 
interpretation of them. 

Denote by ^ C GL„(C) the set of all upper-triangular matrices A with 1 on 
the diagonal. The Lie group GL„ {C) acts on C" in the usual way, thus acting on 
bilinear forms as 

VA, B e GL„(C), A ^ BAB^. 

This action of GL{C") does not preserve A, however, for any element A G A, one 
can take the subset Ma C GL{U^) of elements that preserve the structure of A, or 
in other words 

(4.15) MA = {BeGL{C")\A^BAB'^ eA}. 

Let {A, A4) where AA ~ Uag.A-^a be the set of pairs (A, B) such that A G ^ and 
B G A^A- The identity morphism is defined as 

(4.16) e = (A,l), 
the inverse as 

(4.17) i : (A, B) {BAB^ , B~^), 
and the partial multiplication as 

(4.18) m ((BiASf , B2), (A, B^)) = (A, B2B1). 

These rules define the structure of smooth algebraic groupoid on {A,AA) [T]. A 
smooth groupoid naturally defines a Lie algebroid (^, g), i.e. its infinitesimal ver- 
sion: 

:= UAe.A0A 

where 

0A := {9 G 0[„(C), I A + A.g + A G A] . 
We denote by Da the anchor map 

(. , QN Da: Qa ^ TaA 

^^■^^^ g ^ Ag + g^A. 
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The Lie bracket on the space of sections T{g) is defined by 

(4.20) [v,,V2]r (A) [51,32] + E ^ (^a(.9i))., - ^ (Ca(32)),,, , 

where for i = f , 2 G r(0) and we denoted by gi £ qa the image of A G ^ under 
Vi. Here the first term in the right hand side is the usual matrix commutator. 

The following Lemma is based on the fact that the tangent bundle TA can be 
identified with the space of strictly upper triangular matrices, while the cotangent 
bundle T*A can be identified with the space of strictly lower triangular matrices 
by the Killing form, which is given simply by the trace in this case. 

Lemma 4.1. [1] The map 

(A01\ • "^A-^ 0A 

^ ^ w ^ P_,i/2(t«A)-P+,i/2(u;^A^), 

where P±^i/2 a^'e the projection operators: 

(A oo\ P 1 ± sign(j - i) . . 

defines an isomorphism between the Lie algebroid (g. Da) and the Lie algebroid 
{T*A, DkPa). 

The Poisson bi-vcctor H on ^ is then obtained by the anchor map on the Lie 
algebroid {T*A,DaPa) (see Proposition 10.1.4 in ^U\) as: 

n: TlAxTlA ^ C-(^) 

^ ^ ^ (Wl,^2) ^ Tl- {uJiDAPA{i02)) 

In coordinates one can compute the Poisson bracket by 

d d 

(4.24) {a^,k,aJ,l} — A — Tr (da,,fci:>APA(daj, ;)) ■ 

This gives rise to the Poisson bracket on A given by the Dubrovin-Ugaglia bracket 

mm 

{ttik^aji} = 0, iori <k < i <l, and i < j < I < k, 

(4.25) {a^k^aji} = 2{a,,jaki ~ auakj) , foTi<j<k<l, 
{aik,aki} = ttikaki - 2a.a, fori < k < I, 
{atk,a,jk} = -a^kajk + 2aij, fori < j < k, 
{aik,aa} = -a.kau + a^i, fori <k <l. 

Remark 4.2. Note that the Poisson structure (|4.25p is equivalent to the one given 
by (jl.ip by plugging in the restriction A e ^ on the right-hand side. 

4.2. The groupoid in the general case. The key point in our construction is 
based on Remark 14.21 for any n, m our algebra (|l.ip is given by the same Poisson 
bi- vector 11 as in the case m = 1. So, due to equation (|4.23p . we must retain the 
same Lie algebroid structure on T*An,mi in other words we keep the same anchor 
map Da Pa- Let us be more precise. 

The tangent bundle TAn,m is now identified with the set of block-upper-triangular 
matrices i5A such that the diagonal blocks satisfy: 

(4.26) trA7^(5A/j = 0, 
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Analogously the cotangent bundle T*An,m is now identified with the set of block- 
lower-triangular matrices w such that the diagonal blocks satisfy: 

(4.27) trA7jcj/,/ = 0, 
The map Pa is defined as above: 

Pk ■■ TlAn,m MatNiC) 

W ^ P-,l/2(l«A)-P+,i/2KA^), 

and has a non-trivial kernel now. We now define the Lie algebroid as image of this 
map: 

(4.28) 0A := Im(PA) , g := UAeyi„,„0A- 

Lemma 4.3. The bilinear form l{4.23\ l considered as a bilinear form on a vector 
space C*^"™) in which we substitute arbitrary (commuting) vectors a;i,a;2 € 
is skew- symmetric. 

Proof. We first write the explicit expression for the bilinear form (|4.23p : 
Ty[ujiDa{Pa{uJ2))] = Tr[t^iAP_,i/2(Lj2A)-cjiAP+,i/2(w^A^) 

(4.29) +Au;iP+,i/2(A^wJ) - Aa;iP_,i/2(Aa;2) 
The assertion of the lemma follows if by substituting 

= W2 = W 

in (|4.29p we obtain zero for any cj e c('i'n)^ Using that 

, . ujA = P+,i/2(wA) + P_.i/2(wA), 

^ ' Aw = P+a/2(Aw) + P_,i/2(Alj), 

for the sum of the second and third terms in the r.h.s. of (|4.29p we obtain under 
the trace sign the expression 

-P+,l/2(^A)P+,i/2(c^^A^) - P_,i/2(^A)P+^i/2(w^A^) 
+P+,1/2(ACJ)P+,1/2(A^W^) + P_,i/2(AC^)P+,1/2(A^C^^). 

Here the second term is the transposed fourth term (with the opposite sign), so 
the sum of these two terms vanishes under the trace sign. In the first and third 
terms, only the products of diagonal projections, P^, contribute to the trace, and 
we obtain under the trace sign the expression 

-ipd(L^A)Pd(c^^A^) + ^Pd{Aio)PdiA^io'^) 
= -^Pd{uA)Pd{LJ^A^) + ^Pd{A^Lj'^)Pd{Aio) 

= -^Pd{uA)Pd{uj^A^) + ^Pd{LuA)Pd{io^A^) - 0, 

where we have used that, for any two matrices X and Y, Pd{X)Pd{Y) = Pd{Y)Pd(X) 
and Pd{X^) = PdiX). 

For the sum of the first and fourth terms in the r.h.s. of (|4.29p we obtain (using 
the cyclicity property of the trace) 

Tr[wAP_^i/2(tjA) - AwP_.i/2(Atj)] 

(4.31) = Tr[-a;AP+,i/2(wA) + AwP+,i/2(Aa;)] 
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= iTr[wA[P_a/2 - P+,i/2](wA) - At^[P_,i/2 - P+,i/2](Aw)]. 
But, for any matrix X, wc have that 

Tr[X[P_ - P+](X)] = Tr[[P_ + P+ + PJ(X)[P_ - P+]{X)] 
(4.32) = Tr[P+(X)P_(X) - P_(X)P+(X)] = 0, 

and each term in the last Hne of (|4.3ip therefore vanishes, which completes the 
proof. □ 

Theorem 4.4. The triple (g, Dj^, [■, •]) where the anchor map Da is given by |.^. 
and the Lie bracket [•, •] on the space of sections T(q) is given by ^.20^ is a Lie 
algebroid. 

Proof. The fact that the anchor map Dp^ satisfies the Leibnitz rule with respect to 
the Lie bracket (|4.20p is already proved in [2] in the case m = 1 and that proof 
extends trivially to the case of arbitrary m. We only need to prove that r(g) is 
closed, i.e. that for any two sections wi,W2, there exists uj G T^An,m such that 
[ui,U2](A) = PaIw). Take G TaAi,™ such that u,(A) = PA(wi): « = 1,2. The 
direct calculation then yields uj: 



n7— .1 



P+A/2{^^2^ - P+.i/2i^i^ )a;2 + P+,i/2(t^2A)a;i - P+^i/2(t^iA)a;2- 



+a;2P+,i/2(A ^1 ) - a;iP+^i/2(A ) + a;iP_4/2(Aw2) - a;2P_,i/2(Aa;i) 

where we let vj-,i denote the (natural) projection on the set of (non-strictly) block- 
lower-triangular matrices, w-^i{GLnm) = -^rn- 

This concludes the proof. □ 

We now integrate the Lie algebroid (g, _Da, [•, •]) to obtain the Lie groupoid in 
which we will have to pick the generators of the braid group. 

Theorem 4.5. The Lie groupoid Mn,m which integrates the Lie algebroid defined 
by ( |/^.g<y[ ) is given by 

(4.33) Mn,m := Ua„,^M^;'''^\ 

where 
(4.342^ 

j^(n,m) 1^ g GL{C") I BAB'^ E An,m o-i^-d the sets of central elements coincide: 
{b^J\BABT)} = {b^PiA)}, = 0, . . . , [f ], / = 1, . . . , n} , 

where 

are the rational central elements of our algebras Hl-l]) and 

Proof. Assume there exists a Lie groupoid integrating the Lie algebroid defined 
by (|4.28p . Let us prove that it must then preserve all central elements. Let / be 
any central element for the algebra Its variation along any element of the 

groupoid is 

ij ij 
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for Lo ~ Saj^i (thanks to the Kilhng form). Using the definition (|4.23p of the Poisson 
bi-vector 11, we have that 

(5/ = n(d/,(5a,vO = {/,a^j}, 

where the right hand side is zero for a central element. This shows that the Lie 
groupoid integrating the Lie algebroid defined by (|4.28p must preserve all central 
elements and therefore it is defined by (|4.33p . (j4.34p . □ 

We conclude this Section observing that the identity morphism, the inverse and 
the partial multiplication for the groupoid Ain.m are still given by ()4.16p . ()4.17p 
and (|4.18p respectively. 

Remark 4.6. Wc do not tackle the question whether or not there exists a smooth 
groupoid on An,m such that its Lie algebroid structure is given by {T*An^„i, ^a^a)- 
The interested reader is invited to look at the beautiful work by Crainic and Fer- 
nandes [5]. 

5. BRAID-GROUP TRANSFORMATIONS 

The braid-group transformations /3/j_|_i, / = 1, ... ,n — 1, are transformations 
from the groupoid (|4.33p . (|4.34p preserving the form of the matrix A, so by con- 
struction they must preserve the Poisson structure (|l.ip . They act of A as follows: 

(5.35) l3ij+i[A] = Bij+iABjj+, = A, 

where the matrix Bjj^i has the block form 

r E 1 



E 

A/,/A7| O 

E 

E . 

as above, E and O are the respective m x m unit and zero matrices. 

It is straightforward to verify that the transformation (|5.35p preserves the form 
of the matrix A with 

A/,/ = A/+1J+1, A/+1J+1 = A/,/, A/j+i = AJj^-^ 
(5.37) J<I: aJ^i = AjjAj]Aij+i - Ajj+i, A^^ = AjjAj]aJj, 

J > I +1 : A7,j = AJjj^^AjJAi^j - A/+i,j, Aj+i,,/ = AijAjJAjj 

and with all other blocks retaining their form. 

We have two theorems concerning the transformations (|5.35p . (|5.36p . 

Theorem 5.1. The transformations i5.35\} . i5.36]} are automorphisms of the Pois- 
son structure il.l]) restricted to the block-upper-triangular matrices A from Defini- 
tion \l.l\ 

The statement follows from that the transformation (|5.35p . (|5.36p is a transfor- 
mation from the groupoid of block-upper-triangular matrices. 



(5.36) 



B 



i.i+i 



I 

I+l 
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Theorem 5.2. The transformations h5.35]) . i5. 36\) satisfy the braid-group relation, 

(5.38) /3/,/+i/3/+i,/+2/3/,/+i[A] =;3/+i,/+2/3/,/+i/3/+i,7+2[A], /= l,...,n-2. 
Wc prove this theorem and the following proposition by the direct calculation. 

Proposition 5.3. We have that (/3„_i^„ • • • /32,3/3i,2)"[A] = A, where A/,j = 

( — 2 / \n — 2 , 

AjjAj J J A/. J I Aj jAj J J and, in particular, A/,/ = A/,/ Vn. 

5.1. Extension of the braid group action to the twisted Yangian case. As 

in the case of the standard twisted Yangian algebra (see [4]), we have the extension 
of the braid-group action in the case where the matrix A has the original block- 
upper-triangular form with all blocks having the same size to x to. 

Proposition 5.4. The extended braid group transformations for the algebra il.3\) 
in the case where the matrix A has the block-upper-triangular form described in 
Definition \1.1\ admits the following matrix representation in terms of the matrix 
QiX) Eli; 

(5.39) Pij+i[giX)]= Bij+igiX)Blj+^, / = l,...,n-l 

where the matrices Bj i^i have the form i5.36\) . 
The action o//3„,i is 

(5.40) /3„,i[e(A)] =B„,i(A)g(A)(S„,i(A-i))^, 
where the matrix Bn,i{X) has the block form 



(5.41) B„,i(A) = 



/ O AA„,„A-/„ 
E 



E 



V -A-^E KiVKj. J 

in which \ is the m x m block in the lower left corner of the mn X mn matrix 

Theorem 5.5. The transformations i5.S9\) . ^5.40^ satisfy the braid- group relation, 
(5.42) 

/?/, /+i/?/+i, 7+2/3/ j+i [5(A)] = /3/+1, 7+2/3/. 7+i/3/+i,/+2[5(A)], / = l,...,n mod 

6. Quantisation 

The affine algebra (|1.3p is the semiclassical limit of the quantum algebra gener- 
ated by the matrix elements G-j , i, j = I, . . . , N , p E Z>o subject to the defining 
relations: 

(6.43) Rix,fl)gix)Rix-\flf'g{^l)^gi^i)Rix-\^if'g{x)R{x,fi) 

where the apex Ti indicates the transposition in space one and the R-matrix is 
given by 

R{X,n) = {X- y)^Eu®Ejj + {q-^X-qii)^Eu®Eu + 
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(6.44) + {q ^ -q)X22E^J®EJi + {q ^ -q)fi22Eij(^Eji 

i<j i>j 

it is a solution of the Yang-Baxter equation. 

In coordinates the quantum algebra relations are pretty cumbersome, let us 
present here the formula for the level 1 reduction of the quantum algebra, or in 
other words, for the quantum analogue of our algebra 

q^"-''^^"-'ai^saj.t - q^''-''^^'-'aj^tai,s = {q - q^^)q^'-' {St>s ~ 5iyj)aj,sai^t + 

(6.45) + {q-q^^){q^''*5t>iaj,iat,s-q^''5syjai,jas.t) 

where (5i>j = 1 for i > j and otherwise. For m = 2 this quantum algebra coincides 
with the twisted quantised enveloping algebra [/*"'(sp2n) [TOl [T5] . 

The affinc quantum algebra (|6.43p coincides in the case of m = 1 (m = 2) with 
the twisted q-Yangian y^'(o„) {Y^{sp2n)) for the orthogonal (symplectic) Lie algebra 
introduced in [T3|. For m > 2 this algebra has never been studied before to the 
best of our knowledge. 

In the semiclassical limit the afhne quantum algebra (|6.43p gives rise to our afBne 
algebra (|1.3p . We already calculated this semiclassical limit in the case ?ti = 1 in 
[3], for general m the computation is exactly the same. 

In this paper, we construct the quantum braid-group action only in the case of 
the sp2„ case, but the main features of the technique must remain unchanged for 
both the general m x m-b.u.t. case and for the affine algebras. 

6.1. Quantum braid group action for the sp2n case. In order to quantise the 
braid group action, we need to find the quantum analogues of the inverse, 

the transposed, Aj and the inverse-transposed, , matrices for the diagonal 
blocks and also the transposed Ajj^i for the off-diagonal blocks. 

We first find the laws of quantum complex conjugation for all the entries a^j 
(these formulas are valid for all n and to). The main point is that the quantum 
complex conjugation needs to be an automorphism of the algebra (|6.43p . 

From formulas (j6.45p . assuming all the diagonal entries a^^i, i = 1, . . . , mn^ to be 
self-adjoint operators, we obtain the laws of conjugation: 

(6.46) a*, = a,,„ \ ^ 2^ for z < j. 

The last formula implies that in the case where we restrict to the b.u.t. case, the 
lower-triangular (i < j) matrix entries aj^i not belonging to the diagonal blocks 
vanish, and we obtain merely that a* ^ = qaij for all the entries of the matrices 
Ajj with I < J. 

We then have the following prescription: 

(1) All the transposition operations are replaced by the Hermitian conjugations. 

Note that the Hermitian conjugation of the diagonal blocks is different from the 
Hermitian conjugation of the off-diagonal ones. As an example, we present the 
result of the Hermitian conjugation for the block Ai_i, 



(6.47) 



an ai2 \ _ / an 9a2i 

021 022 J \ qai2 + (1 - g^)a2i 022 
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and 
(6.48) 



q[jk 



for J > /, 



where the transposition is understood here and hereafter in the standard matrix 
sense (note however that the transpose of the product of two matrices in the quan- 
tum case is not given by the reverse order product of their transposed due to the 
noncommutativity of their entries, say, {AjjAk,l)'^ 7^ ^Jc l^J j)- 

(2) The inverse Aj\ is to be found from the operatorial identity AjjAj] = 
E, in which the order in which we muhiply operators follows from that of the 
matrix multiplication. In the m ~ 2 case, the result is (we present it for Ai^i, the 
generalisation to other 2 x 2-blocks Ajj is obvious) 

^ 1 ( ai2 -ai2 + (9 - 9^^)021 

an 



(6.49) 



an 
a2i 



ai2 
022 



-9^021 



aiia22 - 9 312321 

Here the combination 011022 — (i^ana2\ is the quantum determinant of the block 
Ai_i; all these determinants are self-adjoint central elements of the quantum algebra 

sp2n- 

(3) eventually, the inverse-transposed in the quantum case becomes [A^ = 
[a| ^ where we use the expressions (|6.49l) and (|6.47p : the result is merely (we 
always assume that q := e^"'' and, therefore, q* ~ q^^) 

-t 

(6.50) 



flu 
021 



ai2 
a22 



1 



aiia22 - g"ai2a2i 



022 
-qai2 



an 



Theorem 6.1. For the b.u.t matrix A^ from Definition \l.l\ whose entries are op- 
erators subject to the conjugation law {6. 46^ the action of the quantum braid group 
has the adjoint matrix form 

(6.51) Pli+A^'^ ' ' 



r>h 



where the matrix Bjj^^ has the block form (here and hereafter we assume that all 
matrix entries are operators and that these operators are multiplied in the order 
prescribed by the matrix multiplication) 

( E \ 



(6.52) Bij^, 



I 

I+l 



E 



q 



^i.i+i^i.i 
q-'>AjjAj\ 



-q-^'E 



E 



V 

where a = b + I for all m and b ~ for m ~ I and 6=1 for m = 2. 



E 



Before proving the theorem, we formulate the following lemma, which can be 
verified by a simple calculation. 

Lemma 6.2. The two quantum braid-group relations 

(6.53) /3;V+i/3f-i,//3f,/+i[A''] = Ptij^li+iPtiA^^ / = 2, . . . , n - 1, 
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and 



(6.54) (/3^l,„/3^2,„_l • • ■ Pls^t^n^i.j] = {AjjAJ^j)"~'Aj.j{Aj^,A\j)" \ 

which are the quantum analogues of the respective relation 15. 3^) and Proposition 
15.31 are satisfied for any choice of the parameters a and b in the formula 16.52\} . 

Proof, of Theorem \ 6.1\ Wc need to prove that the quantum algebra (j6.45p is 
preserved under the quantum action (|6.5ip . It is enough to restrict to the case of 
n = 3 and concentrate on the action of /3f 2 ■ 

/ A2,2 9""+'Al2 g-''(A|2A-lAi,3 - A2,3) \ 

(3l^{A''') = A'^ = I O Ai.i g-^(Ai,iA7lAi.3) 

V O O A3,3 / 

In order for the (1,2) matrix entry to have the same conjugation law (|6.48p as the 
original operator Ai_2 we need that —a + = —1, or a = 6 + 1 for all m. However, 
when considering the (2, 3) matrix entry, we observe the explicit difference between 
cases where m = 1 and m = 2. If m = 1, then Ai^i = 1, and we just have 
q~^Ai,3, so, in order to preserve the conjugation law we must merely set 6 = 0. 
But in the case of 2 x 2-matrices the situation becomes different: we need a rather 
nontrivial calculation, which involves repeated applications of the commutation 
relations (|6.45p . to demonstrate that 

(Ai,iAj;J;Ai^3)'^ = q"^[Ai iA];jAi,3]^ for m = 2. 

So, we need to set 6 = 1 for to = 2 in order to preserve the conjugation law. 

The proof of preserving the algebra is then a straightforward brute force com- 
putation in which one needs to check relations (|6.45p entry by entry. □ 



Remark 6.3. The transformation /?i.2 given by the formula (j6.5ip in the case 
of 2 X 2-block matrix A = ( ^^''^ ) results in that Ai.i — > A2,2, A2,2 ^ 



^2,2 

Ai_i, and A1.2 [^1,2] ■ It is easy to see from the algebra (|6.43|) that this 
transformation is an automorphism of the corresponding quantum algebra. This 
automorphism was stated as Theorem 4.8 in [T2] . 

Conjecture 6.4. It is plausible that the braid-group action in the general case 
of m X 771-matrix blocks has the same form (|6.5ip and (|6.52p with a = 6 -I- 1 and 
6 = TO — 1 where we have to determine the inverse matrix AJ j from the operatorial 
equality AijAj]- = E and use the conjugation rules (|6.46p . 

Conjecture 6.5. In the twisted Yangian case (|6.43p for 7ti = 2 we expect to extend 
the same quantum conjugation relations to all levels and to quantise the element 
/?„,! defined by (fCTI) to 

PI,[a'^]^bI,{X)a'^\bI,{x-^)'^ 
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where the matrix i{X) has the block form: 
/ O 



<i(A) 



n.n 7i,n 



E 



E 



V -A-ig-''-iE 



with h = m — \. 



6.2. i?-matrix role in the classical case. The classical Poisson bracket (jl.ip 
was obtained by imposing 



(6.55) 



dda. 



d d ^ 



where S is the Poisson bi- vector computed on the one forms da^j and daky. 

S" Tr (daijDAPA(dafe,/)) . 



In this subsection wc want to show that (|6.55p can also be written in i?-matrix 
notation as: 



(6.56) 
where r is given by 



12 /21 12 2 1 1 2" 

{A, A} = - AAr - rAA + Ar^^A - Ar^^A ) , 



i>i 



Of course, we could just do a brute force computation to simply prove that the two 
formulae coincide. However, we prefer to show a more general proof which relies 
on the relation between the Pa operator and the classical i?-matrix. 

1 2 

Given any matrix X, let us define the following four operators r±, r±: 



(6.57) 



1 J^2/2\ 2 11/1> 

T+{X) := -Tr [t'^XJ , r+{X) :- -Tr [rX ) , 



1 12/2 

r_(X) :=-Tr 



r-{X) 



1 1 / T 1 

-Tr ( r^X 



then our matrix g :~ Pa{w) is given by two different formulae according to which 
space we want it in: 



(6.58) 



1 1 

g ^r^ 



2 2 

wK 



2 2 



3.59) 



2 

9 



2 



1 1 
wA 



1 2 

w^A^ 



where r'^ is the transposition in both spaces. 

Now, it is clear that in i?-matrix notation S is given by 

S = Tr[((iA)^Ar_[(dA)^A] - (dA)^Ar+[rfAA'^] 

- A(dA)^r_[A(dA)'^]] 
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where we did not specify the spaces as any choice leads to the same result (up to 
sign). For example choosing space 2 we get: 

S = ^TT[{dAfAAr^{dAf-idlfr^lA{dAy- 

12 12 11 22 

(6.60) -{dAfA r^^ A{dAf + {dAfA r^' A{dAf] , 
so that 

Q [) 21 121221 

(6.61) 2-5 = -AAr^ + r^AA + Ar^iA-Ar^iA = 

adA ddA 

/ 2 I 12 1 2 2 1\ 

= - f A A r - r A A - A r^i A + A r^i A j , 

as we wanted. 

This is a rather interesting fact as it allows to pursue the same sort of approach 
based on the construction of the morphism groupoid for any Poisson algebra which 
admits i?-matrix formulation. Indeed, we could define the Pa operator by (|6.58p 
or (|6.59p . and construct the Lie algebroid for any given R. This would allow us 
to obtain the corresponding groupoid in which to find the generators of the braid 
group. This work will be carried out in subsequent publications. In particular it 
would be interesting to start from the chase of the exchange i?~matrix in which all 
central elements are known [7] , incidentally they are combinations of our rational 
central elements ij^p and their top right analogues. 
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